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Physics at high velocities

When matter moves at high
velocities (close to the velocity
of light), special relativity starts
to play a role.

Special relativity is a theory
proposed in 1905 by Albert
Einstein in the paper On the
Electrodynamics of Moving
Bodies.

As the name of the paper
suggest, the motivation was to
make Electrodynamics
compatible with Mechanics.
This turned out to be impossible
within Newton’s theory.
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Universe at large scales

Universe at large scales is
described by the theory of
general relativity (GR).

In this theory space and time are
combined to one structure,
called spacetime.

The structure of spacetime
influences the motion of
observers.

Moreover, spacetime itself is
dynamical and subject to certain
equations (Einstein’s
equations).
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Space and time

x

t
What is spacetime? For simplicity
assume that the space is one
dimensional. We can draw a diagram,
where time is flowing along the vertical
axis and horizontal axis represents the
direction in space.

Each event (anything that happens) is
represented by a point in this diagram.

Wether we move or stand still, we can
describe our position in space and time
by drawing a curve in the spacetime
diagram.
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Space and time

x

t

(t0, x0)

The main principle of special relativity
says that nothing can move faster than

light, so
∣∣∣∣dx

dt

∣∣∣∣ cannot be higher than c,

the speed of light. From now on we
choose units in which c = 1.

On the spacetime diagram, we can draw
at each point two lines (a cone)
representing |x− x0| = |t − t0|, which
limits the region of spacetime accessible
from that point. This object is called
the lightcone with apex (t0, x0).

6 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Space and time

x

t

(t0, x0)

The main principle of special relativity
says that nothing can move faster than

light, so
∣∣∣∣dx

dt

∣∣∣∣ cannot be higher than c,

the speed of light. From now on we
choose units in which c = 1.

On the spacetime diagram, we can draw
at each point two lines (a cone)
representing |x− x0| = |t − t0|, which
limits the region of spacetime accessible
from that point. This object is called
the lightcone with apex (t0, x0).

6 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Space and time

x

t

(t0, x0)

We introduce the causal structure:
taking (t0, x0) as a reference point, we
can distinguish directions which are:

spacelike (cannot be reached from
(t0, x0)),
future-pointing,
past-pointing,
light-like (along the lightcone).

This way we divide the spacetime into
regions that are in the future of (t0, x0),
in its past, or are spacelike to (t0, x0).
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Space and time

To summarize: in special relativity at
each point (t0, x0) the lighcone is
described by the equation
|x− x0| = |t − t0|, or equivalently
(t − t0)2 − (x− x0)2 = 0.

in general relativity we want to keep the
idea of the lightcone, but the equation
describing the lighcone changes from
point to point. Lighcones at different
points can be tilted and twisted, so
observers at different points have
different ideas what is future, past or
spacelike.
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Mathematical description of spacetime

In our toy model the spacetime is 2 dimensional and is simply R2

(the plane). Directions are described by 2-dimensional vectors,

which are represented as columns of numbers: ~v =

(
v0
v1

)
and we

denote~vT =
(
v0 v1

)
.

A direction~v is

timelike if v2
0 − v2

1 > 0,
spacelike if v2

0 − v2
1 < 0,

lightlike v2
0 − v2

1 = 0 (equation describing a lightcone).

This has a geometrical interpretation in terms of the Minkowski

metric, which is (in our example) a 2 by 2 matrix g =

(
1 0
0 −1

)
,

so that~vTg~v = v2
0 − v2

1.
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Mathematical description of spacetime

In 4 dimensions (1 time+3 space) the Minkowski metric is

g =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

.

M = (R4, g) is called the 4-dimensional Minkowski spacetime.

In spacial relativity (SR), M is the model of space and time.
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Spacetime in general relativity

In general relativity we replace
R4 with a mathematical
structure called a manifold and
denoted by M. Locally, i.e.
sufficeintly close to each point
P = (t0, x0), M looks like R4.

Simple example of a manifold:
a circle. Pieces of a circle look
like intervals (pieces of R), so a
circle is locally behaving like R.

We can also attach to a point
P ∈ M, the tangent space,
consisting of vectors~vP.

M

U ⊂ R4

I ⊂ R
P

P

R2

11 / 31
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Spacetime in general relativity

The Minkowski metric is now generalized to an arbitrary metric,
which is essentially given by assigning to each point P a 4× 4
symmetric matrix gP.

Again, a direction~vP can be spacelike, timelike or lightlike,
depending on the value of~vT

P gP~vP.

At each point we can draw a small lightcone, defined by the
equation~vT

P gP~vP = 0.
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Classifications of curves

A curve γ : R ⊃ I → M is

spacelike if γ̇Tgγ̇ < 0,
timelike if γ̇Tgγ̇ > 0,
lightlike if γ̇Tgγ̇ = 0,
causal if γ̇Tgγ̇ ≥ 0,

where γ̇ denotes the tangent vector.

M

I ⊂ R

γ

An important principle of general relativity states that observers can
move only on timelike curves, so the causal structure given by the
metric “tells particles where to go”.

13 / 31
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Timelike curves in GR

M
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Timelike curves in GR
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How matter influences the spacetime

The dynamics of spacetime and matter is
given by the Einstein’s equations:

Gµν =
8πG
c4 Tµν .

Gµν is the Einstein tensor, constructed from
the curvature and the metric:
Gµν = Rµν −

1
2

Rgµν .

T is the stress energy tensor which depends
on the matter content of the theory.

G is the gravitational constant and c is the
speed of light.

The change of spacetime influances the
matter, but also change of the matter
influences the curvature of spacetime!
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Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.

Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),

Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),

unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Cosmological spacetimes

Friedmann-Lemaître-Robertson-Walker
spacetimes: these spacetimes are models for
the structure of the Universe at large scales.

Motivated by observation: spatial isotropy
and homogeneity.
Write M = I × Σ, where I is an open
interval and Σ either

the 3 sphere (positively curved),
Euclidean 3 space (flat),
unit hyperboloid (negatively curved).

The metric is (in block diagonal form)

g(t, x) =

(
1 0
0 −a(t)2h(x)

)
, where h is

the standard metric on Σ, and a is a smooth
positive function on I.

17 / 31



Large
Small

Everything

Spacetime in special relativity
Spacetime in general relativity

Friedmann’s equations

According to Einstein’s equation the shape of the Universe is
determined by the matter content (stress energy tensor Tµν).

Model Tµν using perfect fluid.

Einstein’s equation gives rise to Friedmann equations, one of
them being:

3H2 + 3
K
a2 = 8πGρ .

ρ is the total energy density of all the stuff in the Universe.

H is the Hubble parameter (related to the expansion of the
Universe).
K is related to the shape of the Universe:

K = 0 flat,
K = 1 positive curvature,
K = −1 negative curvature.
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Universe at small scales

How does a particle physicist learns
how things work?

By breaking them into small
pieces...

Works with vases and protons, but
doesn’t quite work with Universes...
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Quantum Field Theory

Universe at small scales (particle
physics) is described by quantum
field theory (QFT),

Experiments with particle collisions
(for example at CERN) can be
understood with the use of the
scattering theory,

In QFT spacetime is fixed, it has no
dynamics.
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Combining large and small

There are phenomena where we
need a theory which works both
at large and small scales.

This could happen if we
consider large masses and small
distances.

Examples: black holes (like the
one believed to be in the center
of Centaurus A), the Early
Universe.

What happened at the very
beginning of the Universe is
quite mysterious.
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The Answer to the Ultimate Question of Life, The Universe,
and Everything is...

42. If you believe certain literature.
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...or possibly Quantum Gravity

(if you believe other literature).

Quantum gravity would unify
GR and QFT.

One of the essential conceptual
difficulties is the notion of
spacetime.

In QFT a spacetime is fixed and
in GR it is dynamical.

What does it mean for geometry
to be quantized?
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Possible approaches

Two main approaches to QG are
string theory and loop quantum
gravity.

They both have their advantages and
disadvantages and still suffer from
various conceptual problems.

The approach which I’m working on
is a bit different: let’s start from the
side of QFT and see how much can
we learn about QG from this point
of view.

Instead of a Theory of Everything
we want a Theory of Something. . .
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Take one: QFT on curved spacetimes

We work in the situation where the
quantum gravity effects can be
considered as small.

Example: QFT on FLRW
spacetimes.

It is also possible to study the
influence of quantum fields on the
background metric by studying the
so called backreaction problem,

Take an FLRW spacetime and
model the evolution of the Universe
by studying the behavior of
quantum and classical matter in it.
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Take two: Linearized quantum gravity

Split the metric into gµν + λhµν , where gµν is treated classically
and hµν is a quantum field.

This makes sense if the parameter λ is small compared to other
scales present in the system.
hµν obeys linear equations of motion: linearized gravity.
Already in this approximation one can study phenomena like
inflation and try to explain fluctuations of the cosmic microwave
background (CMB) radiation.
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Standard Model of Cosmology

Observations performed by the WMAP satelite allow to measure
temperature distribution of the CMB.

CMB measurements show that the temperature distribution is
homogeneous, but exhibits fluctuations.

Explanation: Inflation in the Early Universe (rapid expansion),
“faster” than the light velocity.

Idea: small quantum fluctuations suddenly became large.

These fluctuations became seeds for the distribution of matter
(galaxies) we observe today.

CMB carries information about how the Universe looked like
when it exited the inflation phase.
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Questions

How did the Universe enter the inflation
phase and why did it stop?

What does it mean “quantum fluctuations of
the metric”?

How did quantum fluctuations became
classical? (measurement process?)

Quantum mechanics uses interpretation in
terms of expectation values and repeated
measurements. Does it apply to Universes?

Can we see signatures of quantum gravity in
CMB or elsewhere?
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Take three: Effective quantum gravity

OK, we have linearized the equatins of motion, but is this good
enough?

Certainly not, if we look for the full theory of quantized gravity.

Next step: perturbation theory. We introduce back non-linearity,
but assume it is “small”.

We can look for higher order corrections to the standard model
of Cosmology and hope to see them in experiment!

We are getting one more step closer to the beginning of the
Universe and Everything...
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Thank you for your attention!
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